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EXACT SOLUTIONS OF PROBLEMS ON HARMONIC
VIBRATIONS OF A THERMOELASTIC ROD HAVING
A TRIANGULAR CROSS SECTION WITH ACCOUNT
FOR THE CONNECTEDNESS

A. D. Chernyshev UDC 536.539

Two exact solutions of the problem on harmonic vibrations of a thermoelastic rod with a cross section repre-
senting a right triangle have been obtained with the use of multiaction logic operations. The influence of the
connectedness of the problem as well as the temperature and elastic properties of the indicated rod on the
wave process of its deformation has been investigated. Expressions for the velocities of the temperature, lon-
gitudinal, and shear waves were obtained. A criterion My for the expediency of taking into account the con-
nectedness in the formulation of the problem was determined.

Introduction. Of the known solutions of multidimensional problems on vibrations of bodies, we considered
the solution obtain in [1], where a connected model of heat propagation with a finite rate was considered, the solution
obtained in [2] with the use of the boundary-element method, and the solution of the problem on the heating of a cyl-
inder by the friction of a band against its surface, obtained in [3].

Formulation of the Problem. In many cases, temperature fields interact with elastic deformations, and this in-
teraction can be significant. Metals and their alloys exhibit thermoelastic properties under small mechanical and heat
loads. Solid bodies with such complex properties can be defined by different rheological models. For definiteness, we
will use a model in which the total deformation consists of elastic and thermal deformations. The stress tensor is ex-
pressed in terms of the deformation tensor and the temperature with the use of the Duhamel-Neumann dependences [4]:

;=M (e — 30T &+ 21 (e — 0,T5) - (1)

From this point on we will solve the dynamic problem under the plane-deformation conditions. Substituting o;; from
(1) into the equation of continuous-medium motion and using the heat-conduction equation, we obtain three differential
equations for the displacements # and v in the Cartesian coordinate system and the temperature T:

7\«0MXX+(7\,+H) vxy+uuyy_’YTx:pu”, 7&0:7\+2H,

Agvyy + A+ W)y + vy = YT, =pv,, Y=Gh+2u) 0,
(2)
bAT — k (u,, + Vyt) =T,, k=vyTy/Cp,

() €Q, 01y, nieC?@x10,1).

The region Q with a boundary T" is a right triangle of height 4. The quantity k in (2) is called the connectivity coef-
ficient, and the corresponding term in the heat-conduction equation accounts for the effect of change in the tempera-
ture of a solid body as a result of an adiabatic change in its volume. In the case where k = 0, the heat-conduction
equation becomes independent of the equation of motion and can be solved independently, e.g., by the known method
proposed in [5]. At k#0, the problem becomes much more complex because system (2) becomes connected and each

Voronezh State Technological Academy, 19 Revolyutsiya Ave., Voronezh, 394000, Russia; email: post@vgta.
vrn.ru. Translated from Inzhenerno-Fizicheskii Zhurnal, Vol. 80, No. 6, pp. 18-29, November—December, 2007. Origi-
nal article submitted April 25, 2006.

1062-0125/07/8006-1081©2007 Springer Science+Business Media, Inc. 1081



of the three equations involves the unknown functions u, v, and 7. Naturally, this brings up the following questions:
In which cases should the connectedness be taken into account? What are the properties on which the connectedness
has a significant influence? and Is a resonance possible? To answer these questions, we will analyze exact solutions of
geometrically two-dimensional problems. The following boundary conditions are set for Eqgs. (2) in the region Q with
a boundary I

Oy | =01 COS W + G SIN WF, Uy | 2=V €COS OF + vy sin @, T'| =Ty cos 0 + Ty sin r . 4

We will consider the problem on harmonic vibrations with no initial condition and represent the unknown
quantities u, v, and T in the form

u=U; (x,y)cos ot + U, (x,y) sinwt, v="V](x,y)cos wt+V, (x,y)sin ¢,

5)
T=T, (x,y) cos t+ T, (x,y) sin ot .
Substitution of (5) into (2) gives
2 .
MU + A+ 1) Vi + 10U =T+ po0 U;=0,  j=1,2;
2
MUy + A+ 1) Ujpy + WV = 1T+ p0V; =0, (6)

One-Dimensional Solution. At first, for Eqgs. (6), we will consider an analogous simpler auxiliary problem

with no boundary conditions for a plane layer in the case where U;, Vj, and T; (j = 1, 2) are determined only by the
coordinate x. In line with this assumption, the following designations are introduced:

Up=Pjx), Vi=0; (0, Tj=R;jx), j=1.2. )
In this case, system (6) takes the form of ordinary differential equations
7 ’ 2 144 7 2

bR} — kP, — @Ry =0, bR5+®kP| +®R,=0; ®)

4 2 ’” 2
RO +pw Q1 =0, QO +pwQ,=0. ©)
Here, the unknown functions P; and R; are combined into the one system (8) because of the connectedness of the

model, and the quantity Q; is defined by individual independent equations (9). Particular solutions of Eqs. (8) and (9)
have the form

Pi=Ajexp (o), R;=Cjexp(ow), Q;=B;exp Bry, j=1,2. (10)
Substitution of (10) into (8) and (9) gives the following relations for A;, Bj, Hj, 0, and B:

7»00c2A1 —YOH,| + p(ozA1 =0, kooczA2 — YouH, + pmzA2 =0,
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boczHl—u)kocAz—u)H2=O, boc2H2+mkocA1+mH1=0; (1n

From the first two equations of system (11), we obtain

Ay pu)2 — Ay me —
Hi=—[ho+—a| Hy=—"| o+—al, (13)
Y o Y ]

where the overscribed bar denotes the conjunction operation. Equating the determinant of system (11) to zero, we ob-
tain the equations

boi® (kooc2 +pw)) = + i (kyol” + Aot + pe’) (14)
Let us introduce the dimensionless parameters

2 2
ky  (BA+2w) o, T, bpw (15)
0:—:—’ NOZ_
Ay Cp(A+2w Ao

and the designations

2 2
bpw ky 2 bpw ky
A= 222 h+E =M e my), B =221 - on, (1 - M),
R Rt (e e
(16)
1 1/,/ IR N
KOZW A%+B§ +A, , LOZ@ A%+B§—A* .
In this case, the roots of the first equation of (14) (with the sign "+") can be represented in the form
i My<1, then o0y =—{i(1+My)—Ny+ (K, +iL (17
l‘f‘ 0< , Inen 061_4—2b l( + 0)_ 0_( 0+l 0) N
and the roots of the second equation of (14) (with the sign "-") can be defined as
f My<l, then of q=~—|—i + (Ko~ iL, (18)
if My<1, then T —i(1+My—Ny* (Ky—iLg) |-
On condition that My > 1, the roots of Eq. (14) (with the sign "+") will have the form
i My>1, then ofy=—|i(1+My)—N,+ (Ky—i (19)
l_f 0> ) ten OL]_4—2b l( + 0)_ 07( 0_l 0) Py
and the roots of Eq. (14) (with the sign "—") will be defined as
f My>1, then o g=—|—i(1+M, + (K + i, (20)

To obtain the roots oj_g in explicit form, we will establish that the sign of the imaginary part of the expres-
sion for OL%_Z is larger than zero, i.e., that the following inequality is true:

1+My—Ly>0. 1)
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It can be written, in view of (16), as

2 (1+ Mg > 210 =VIN3 = (1 + MyP*1? + 4N2 (1 - Mg)? — N+ (1 +M)” .

This gives, on several simplifications, the inequality (1 +M0)2 > (1 —Mo)z, which is correct because My> 0 by defini-
tion. Inequality (21) simplifies the operation of taking the square root of a number in calculating the quantities
o — 0g, which allows one to obtain concrete expressions for them. For the case My< 1, we have

. A ’ (O]

(22)
A , 0
. A ’ (O}
(23)
A / 0
05 =0yg— g, Og=—05, O7=030—iB3y, Og=—0y7. (24)
In the case where My > 1, the designations of the roots contain an asterisk at the top right:
0y =0+ By, Op= \,E \/\/(KO—NO)2+(1 +My—Lo)> +Ky— Ny ,
(25)
=0y, [310=\/E \/\/(KO—NO)2+(1+MO—L0)2—KO—NO ;
0y =0+ B3y, O30= \,E \/\/(KO+N0)2+(1 +My+Lo)? — Ko+ Ny ,
(26)
0y =0, B3O=‘\/E \/\/(KO+NO)2+(1+MO+LO)2 +Ky+ Ny ;
05 =0y— g, Og=—05, O7=030—if3, Og=—07. @7

If the dimensionless parameter Mg < 1, the quantities Ojg, 039, Big, and P3g should be determined from (22)—(24);
when M > 1, these quantities are determined from (25)—(27). By the form of the characteristic roots (22)—(27), we de-
termine the complex-conjugate pairs that will be used in the subsequent discussion:
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To obtain a general solution of system (8) in explicit form, it is necessary to determine the relations between
the coefficients A; and B; (j = 1, 2) at different values of o = oy (k = 1, ..., 8). For this purpose, we will introduce
the following designations:

at =0y = A=A, Hi=H;(0p) (=1.2: k=1,...8). A (0)=D. (29)

All the coefficients Ay (0y) and Hj (0y) are expressed in terms of the quantities Dy, which are considered as complex
constants. On substitution of o0 = oy (k = 1, ..., 8) into (11) and (13), we determine the desired relations:

A (0_g) =iA; (0 _4) =Dy, Ay (05 g)=—iA; (05 g)=—iDs5 g,

PO — |Dy
| O | Y (30)
[ po’ (% b0l _
H2 (0(1_4) =104t 5 4 D1_4 s Hz(as_g) =1|— U5 g+ 2 Us5_g D5—8 :
Yo 4] ¥ Y |05 g
Now the general solution of system (8) will take the form
8 4 4
. . (3D
PL(x)= Dyexp (04x), Py(x)=iY Dyexp (0yx) —i ¥ Dyyyexp (0g4%) .
k=1 k=1 k=1
8 4 8
Ry ()= z Dyspexp (ogx), Ry(x)=i z Dys; exp (oyx) — i z Dys; exp (0yx) , (32)
k=1 k=1 k=5

A0 pmzak
= +—.
T oyl
To the complex-conjugate pair of characteristic roots (28) correspond the following pairs of complex-conjugate

coefficients:

1 . - 1 .
Dy=7 A= iHy) , k=1,..45 Dyy=Dy=7 Ay +iHy). (33)

From formulas (30)—(33) the following property follows: the sum of the two terms in expressions (31) and (32) corre-

sponding to the two complex-conjugate characteristic roots 0y and Oyq (k = 1, ..., 4) is a real function. We will dem-
onstrate this with the example of Uj(x), where the first term will involve 0 and the second term will involve Oi:

1 . .
D, exp (0,;x) + D5 exp (Olsx) = 5 (Ag; — iHy)) (cos Bygx + i sin Byx) exp (oyx) )

1 . .. .
+5 (Agg + iHy) (cos Bygx — i sin Bygr) exp (04x) = (Ag; cos Bygx + Hy; sin Bx) exp (opx) .
For convenience, we will introduce the auxiliary constants

1 2 2 1 2 2 . 35
pj=?(7»o+pm /o] )ajO’ 611=§(7”0‘Pw/|0‘j| )Bjo’ j=13, )
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2 O 2 M
oy | * = g V(g = N+ (1 + My + L)%, |03 =5 N(Ky + N>+ (1 + My = L)?

With the use of expression (34) and designations (35), the general solutions (31) and (32) for a plane layer are
brought to the real form. If the variance x in expressions (31) and (32) is replaced by the difference (x —h/2), which

is more handy for the further calculations, Pj(x) and Rj(x) take the form

h h . h
Pl (x) =exXp 0610 [X - E)[Aol COos Blo (x - EJ'F HO] Sin BIO (x - EJ]
h h . h
+exp o, (5 - x)|:A02 cos By (x - 5)_ H, sin B, (x - 5):|
h h . h
+ eXp 0630 (E - XJ[A04 COoS B3O (.x - E)_ H04 S B30 (x - E)} .
h h . h
P, (x) =exp 0y [x - EJ[HOI cos By (x - EJ— Ay sin By (x - EJ]
h . h
+ exp 0(10 H02 cos Byl x ) +Ag sin By x5
h h . h
h . h
+ eXp 0630 (_ J[H 04 COS B’;O ( 2)+A04 S B30 (x - E)} .

Ry ()= AOICXPOLIO( ) 1005310()‘_%)_511SinBlO(x_gJ]

+ Hpy, exp 04y X_E p1 sin Blo(x—g) g1 cos By x—%
—Aq, exp 0 g—x lcosﬁlo( —g) gy sin By x—%
+ Hg, exp 04 %—x 1’1 sin [310( %) q; cos Big|x —%
+Agz exp Oz | x —% pg cos By |x — g) g5 sin By [x —g

h
+ g3 cos By, x=5

- A04 exp 0630 E —X p’; COS B3O

h

h h)|
-5 + g5 sin B3 x5

h [ h h)]
+ H04 exXp (130 (E - )C) ps sSin Bso (x — EJ_ q3 COS B30 (x - EJ
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h . h h
Ry (x) =—Ag; exp 0y (x - EJ[pl sin Byq (x - §)+ g, cos Byg (x - E)]

—q; sin By, (x - gﬂ
h

h h
+ Hy; exp 0, x—z pj cos BIO(X_E
h
—Aq, exp 0 E—x p1 sin By
h h h
_H02 exp alo E_x pl COS Blo( EJ ql COS Blo(x_z :|
h h h
— Agz €Xp Oz | X — 5 p3 sin B3 (x EJ g3 cos By | x — >

h h h
+ Hys exp Oz | x — E p3 cos B3 (x EJ g5 sin By | x — >

h
- A04 exp 0630 E — X p3 sin B30 (x E

+ g5 sin B3 (x - g) . (39)

h h
- H04 exp 0630 (E - .x) p3 COS B%O ( E

The general solution of Egs. (9) is obtained analogously:

0, (=B cosm\/ﬁ (x—%}LBﬂSinm'\/ﬁ (x—%), j=1.2. (40)

The general integrals for a thermoelastic plane layer (36)—(40) contain eight arbitrary constants Ag;, Hy; (j = 1, ..., 4)
and four constants Bjj, Bj (j = 1, 2) that are determined from the conditions set at the boundaries of the layer. The
functions determined will be used for obtaining exact solutions for a thermostatic rod of triangular cross section.

The First Exact Solution. The results presented below were obtained by a special technique with the use of
& variables [6] in the following way.

Let rg and r be the radii-vectors of any pole and an arbitrary point inside the cross section of a rod Q, r; (k
= 1, 2, 3) be the radii-vectors of the vertices of the right triangle Q of height &, and the auxiliary variables & and
&, be determined by the formulas

E=r-pn, E=@-rpn,, k=1,2,3, 41)

where n is a unit vector, n; are internal unit normals to the sides of the triangle €2, the vertices and sides of which
are numbered in a counterclockwise direction. With such variables &, the equations for the sides of the triangle will
have the form & = 0, & = 0, and & = 0. For the points (x, y) € Q, the strict inequalities &; >0, & >0, and
&3>0 are true. The variables & and & and the normals n in the plane (x, y) possess the following properties that will
be used in the subsequent discussion:

n+n+n=0, my=nn=nn;=—1/2,
(42)
0 X | =mxng| =ngxny | =V3/2, & +&+8=h;

if F=FE&EC @), then Fo=F ©ny, F,=F ®n,,
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Fo=F©n. Fy=FQnn,. Fy=FQn. sF=F. (33)

Using Pj(x), Qj(x), and Rj(x), obtained from (36)—(40), where x should be replaced by €, we will obtain the following
partial solution of system (6) [7]:

Ui () =P, @) n,—0;@ny. Vi (x.y) =P n,+0En,. Ty(x,y)=R; €. j=1,2. (44)

The functions Uj, Vj, and T; differ radically from each other in structure. This is explained by the fact that (Uj, V)) is
a vector function and 7j is a scalar function, and the change from x to the variable € is equivalent to a rotation of the
coordinate system. In this case, the vector functions are rearranged by the vector-algebra laws and the scalar functions
remain unchanged; therefore, the functions (Uj, VJ-) involve the projections of the normal vector n, and ny, accounting
for the above-indicated rotation, and these projections are not involved in 7; in such a form. In the subsequent discus-
sion, the following two properties will be used.

Property 1. If the functions Pj(x), Qj(x), and Rj(x) used in expressions (44) are solutions of systems (8) and
(9), i.e., have the form of (36)~(40), Uj, Vj, and T; determined from (44) satisfy all the differential equations of (6).

Property 2. The functions Qj(&) in (44), representing partial solutions of Egs. (9), can be selected inde-
pendently of the partial solutions P(E) and R&).

To prove these properties, we substitute Uj, Vj, and Tj determined from (44) into the first and third equations
of (6); analogous actions are performed for the second and fourth equations. Using the partial derivatives determined
from (43), we obtain

4 3 4 2 4 2 7’ 2
Ao (Piny = Qimyny) + (A + W) (P nyny + Q;nyn,)

77 2 ” 3 2 1
+H (P, = Qimy) —po (P, = Opny) =0, j=1,2; (45)
” , 2 ’ r 2 ‘
bR = kw (Py ny = Q) nyny) = ko> (Py ny + Qy nyny) — @R, = 0.

The vector (ny, ny) is a unit vector; therefore, the last equation of (45), on simplification, becomes identical to the
third equation of (8). In the first equation of (45), all the terms ahead of P; and Q; are regrouped in the following
way:

7 2 2 2 2 2 2 2 2 2
P, (kg + (L W) m, + ) + oy n, Py — O ny (g = (M) 11, + ) — po g0, = 0. (46)
The coefficients of P}-’ and Q}-’ are rearranged by the formulas
2 2 2 2 2 2 2 2 2 2
(A + A+ ) ny + pny) = Aoty + kony =Ny, (hgny— A+ n; + M) = iy + iy = W, (47)
in view of which Eq. (46) can be written as

4 7 2 7/ 2
n, (P = 1R+ po P)) = n, (10 + pwy Q) =0. “8)
Since P, Qj, and R; satisfy Eqs. (8) and (9) in their structure, the parenthetical expressions (48) are equal to zero. It
follows herefrom that the above-indicated properties are proved. If the variable & on the right side of expressions (44)
is replaced by any variable &; determined from (41), the newly obtained Uj, Vj, and Tj will also satisfy system (6).
For the sake of convenience of representation of the exact solution, we introduce the functions

PYE) =P E)-P(h-E). BV ED=RE)+R;(h=E)). j=1.2;

QJ('S) (&) =Bj; cos ® Vﬁ (&1—%), Q;a) €D =Bjsino Vﬁ (ﬁl—g}

(49)
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The functions P(S)(ﬁl) and R(a)(ﬁl) are introduced in a similar way. If Pi&;) and Ri(§;) involve eight constants,
P(S)(ﬁl) and R(a)(ﬁl) involve only four constants, which will be denoted as Ej—Ey4; in this case,

E\=2(Ag ~Ap) s Ey=2(Hy —Hy) . E3=2(Ap3~An), Ey=2(Hy—Hpy. (50)

The functions P](a)(ﬁl) and R}S)(ﬁl) have the form
. h . h h
(a) (&) =E, cos By (Z; - —J sinh 04 (Z; - §J+ E, sin By, (Z; - EJ cosh oy (& - E)

+ E5 cos By (& - %) sinh 013, (& - %)+ E, sin B3, (ﬁ - %J cosh ot (ﬁ - %J (51)

(a) (&) =E, cos By (§ - —J sinh o,y (§ - g)— E, sin By (§ - chosh 0 (ﬁ, - %)

+ E, cos By (E_, - %) sinh 05, (& - %)— E5 sin By (§ - g) cosh 03, (§ - g), (52)

(S) (&) =(E\p; + Exqy) cos By (Z; Z)cosh 040 (Z; - —J+ (E,py — Eqqy) sin By (& - %) sinh o (& - %)

+ (Esps + Eyq3) cos By (& g)cosh (I (§ - —)+ (Eqp3 — E5g3) sin By (§ - g) sinh oty (§ - g), (53)

(S) (&) =(Eyp; — Eqy) cos By (Z; - g) cosh o1 (& - g)— (Ep; + Exgy) sin By (& - g)cosh 0o (Z; - %J

+ (E4p3 — Exq3) cos By (& — %) cosh o3 (ﬁ — %J— (E3p3 + E4q3) sin By (Z; - %J sinh a5 (ﬁ - %J ) (54)

The index (s) or (a) at the top right of the quantities means that the function is symmetric or antisymmetric relative
to the point & = h/2; therefore, the following equalities are fulfilled for them:

Py =-PP -8, B €)=k (-8,

(55
P ep=pP" -8, B €)=-R (-8,
The solution of problem (6) with boundary conditions (3) represents the sums
U (e.y) = P &) my+ P &) gy + P € ny = O &) iy~ 0 € may — 0F €3 s,
Vi(x,y) = P @1) npy+ P (&2) nyy + P (&3) 3y T Q (&1) iyt Q (&2) Ny, + QJ('S) &3) 13, (56)

(s) (s)

T; (x, y) = R (§1)+R E)+R;" (&), j=1,2.

Because of properties 1 and 2, the values of Uj, V), and T determined from (56) satisfy Eqs. (6). It remains to fulfill
the boundary conditions (3), which will be prehmmarlly rearranged The normal component of the displacements in
I" is defined as

un|1—=(unx+vny)|1— or (Uj”x"'vjny)h":“jo’ j=12. (57)
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In the problems being considered, it is assumed that all the analytical dependences are equivalent in relation to the
sides of the right triangle; therefore, it will be sufficient to fulfill the boundary conditions at any one of its sides, e.g.,
at the side & = 0. In this case, at the two sides of the triangle, the boundary conditions will be fulfilled automatically
at & = 0 and &, = 0. For the points (x, y) at the triangle side &; = 0, the variables &; and &, are related, at & = 0,
by the relation

Substituting U; and V;, determined from (56), into (57) at &3 = 0 and using (58), we obtain
[P €y + Y (1)) () |+ P 00+

(59)

+[Q§S) Ep (i xng) |+ 0 (h—E)) (ny ><n3)|z]=uj0, j=1,2.

Using properties (42) and (55), it can be shown that all the terms with variables &; in both square brackets cancel one
another and, therefore,

(a) . 60
P ) =upy. j=1.2. (60)
The boundary condition for the shear stress, determined from (13), can be defined, in accordance with (1), as

duy  du,
Tn|r=2!»lvn|r=[a—;+¥) 1)

r
If the normal stress in I" is determined by the unit vector n = (ny, ny), the shear stress in I" in the plane problem will

be determined by the unit vector T = (—ny, ny). Therefore, the shear component of the displacement vector in T" is de-
termined from the equality

ug|p=(-un,+vn)|r. (62)

The normal component u, in I', determined from (3), is assumed to be constant at different points of the boundary;
therefore, the expressions for the shear 7y, can be simplified:

ou

Ju v
__ T _ 63)
oy el [0, (
Tl on | [ on ' annx}r
Now the boundary conditions for T,, determined from (3), take the form
oU.; 1%
. 64
”[_a_;jnera_;j”XJ =Tp. j=1.2. 9
Substitution of Uj and V; determined from (56) into (64) at &3 = 0 gives
[P &) iy xmy) |, (aymy) + P (-
[ Py Xmg) | (yng) + P} (h=§)) (my Xm) |, (myn3)
’ 2 ’ 2 ’ To .
[0 @) gy + 0 (h- &) ny’ |+ 0 (0) -2 j=12) (65)

In accordance with (42) and (55), the expressions in both square brackets are equal to zero and, therefore, from (65)
we obtain
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, T,
o ==L, j=12. (66)
n
From (66) it follows that

T, 1 p s T 1)
_ Yo 1 P . LN (67)
le—mm/sm 203/1 m , j=L2, o0 —2h p'

It is seen from this expression that a resonance between the shear deformations can arise in a thermoelastic material
at ® = ® . It remains to fulfill the last boundary condition determined from (3) for the heat flow at the side &3 = 0.
This condition, on substitution of Tj(x, y) from (56), takes the form

|:RJ('S), € (myng) + Rj('S), (h=¢&)) (n2n3)] * RJ('S), O)=gj. j=1.2. “

Using (42) and (56), we prove that the bracketed expression is equal to zero and, from (68), obtain the equation
O . (69)
Rj (0)—41'()7 i=12.
From the closed system of equations (60) and (69), we determine the constants E;—Ejy.

The Second Exact Solution. Let the boundary conditions be defined by (4); then the second condition, deter-
mined from (4), can be rearranged to the more suitable form

Ug|p=(uny+vn) |p or (=Uny+Vn)|p=vq, j=12. (70
The solution of problem (6) with boundary conditions (4) will have the form
U (e ) =P €)) ny+ P (G my+ P () myy = O €)) gy = O (€ myy — O E3) s,
Vi) =P &) my+ P E) myy + P Eg) nay + O &) gy + 0 (6) oy + 0 (&) s, a1
T ) =R € +RY € +RY (€. j=1.2.
Substitution of (71) into (70) at & = 0 gives
~1PY € myxng |+ P (n-¢
i (G (M xmg) |+ P (h=Gy) (X mg) |,
(a) @ , @ oy P — 72
+ Qj (&1) (myn3) + Qj (h &1) (mpng) |+ Qj 0)= o J= L,2. (72)

It can be shown, using (42) and (55), that both bracketed expressions containing &; are equal to zero; therefore, from
(72) it follows that

o O =vy. j=1.2. 73)

Hence, using the expression for Qj(a)(ﬁl), from (49) we obtain

ju , j=12, oo =2

i (74)
A/ .

In order that the first boundary condition determined from (4) can be used, it should be rearranged:

>3

sz =— vjo/sin % wh
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0

ou d Gy .
Gn|1~=7uoa—nn o (unx+vny)|r or E(anx+vjny)|r:7$, j=1,2. (73

Substitution of (71) into (75) and then into the third condition determined from (4) gives
[ @ g + P (- &) (momy)” [+ P 0)

0" @) @y xmy | (ayng) + 0 (-8 (g xmg) | (mgmy) | =y =12 (76)

(29 &+ -t |+ B 0 =T j=1.2. an

Since the functions P](S)(ﬁl), Q](a)@l), and R](a)(ﬁl) possess properties (55), the bracketed expressions (76) and (77) are
equal to zero; therefore,

(s) ©0)=vj. (0) Ty, j=1.2. (78)
The functions P}S)(ﬁl) and R}a)(ﬁl) contain four constants and have the following form:
Es=2(Ag +Ap), E¢=2Hy +Hy), E;=2Aps+Agw), Eg=2Hy+Hy), 79
P _ h _ _ ﬁ
(&) =E5cos Byg|& -5 [cosh oy | & — 5|t Egsin By |& -7 |sinh oy | €
h . hY . h
+ E5 cos By &— cosh o3| € - 5 |+ Egsin Bso|E - 5 sinh o3 [ § - 5 (80)
s . h\ .
( ) (€) = Eg cos By (§ - —J cosh o (& - g)— Es sin By (& - E) sinh oy (& - %)
. . 81
+ Eg cos By (6“; - %) cosh o3 (& - %)— E5 sin B3 [E_, - %J sinh 013 (E_, - %J @)
(a) AW h . h h
(&) =(Esp, + Egq;) cos Bio | E— ) sinh o) [ & — 5 (Egp1 — Esqy) sin B[ & - 0 cosh o | € — 0
h)\ . h . h h
(a) hY . h h
(&) = (Egp; — Esqy) cos By | & - > sinh o) &— — (Espy + Egq,) sin B¢ &— cosh oy E_,—
_ _h\ AN : _h _h (83)
+ (Egps — E4q3) cos B3 | € > sinh o35 [ & > (E7p3 + Egq3) sin B3 [ & > cosh 013 | § 5|

From the closed linear system (78), we determine the four constants E5—Eg that complete the construction of
the second exact solution.

We will not present both exact solutions in explicit form because they are cumbersome. For the same reason,
we failed to strictly prove that the determinants of system (60), (69), and system (78) are not equal to zero. However,
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this can be done in a particular case for a nonconnected model. Moreover, numerical experiments have shown that the
indicated determinants are not equal to zero in the general case, too.

The two exact solutions obtained should be used in the following way. From (5), the analytical expressions
for the displacements u# and v and the temperature 7, which allow for the differentiation over all the variables for de-
termining the velocities, deformations, and stresses, are determined. The amplitudes Uj, Vj, and T] are determined from
(56) for the first exact solution with boundary conditions (3) or from (71) for the second exact solution with boundary
conditions (4). The expressions for P(S), P](a), RJ(S), and R](a) are determined from (51)-(54), the constants Ej—E4 are de-
termined by solving the linear system (60), (69), and the constants E5—FEg are determined from system (78). In the
process of numerical realization of the solutions, all the operations should be carried out in the reverse order: first, the
constants E1—FE,4 are determined from the solution of the linear system (60), (69) and the constants E5—FEg are deter-
mined from system (78), and then the functions P Pj(a), R](S), and R](a) are determined from (51)-(54), and so on. At
My > 1, in both exact solutions (56) and (71), Ocz determined from (25)-(27) should be used instead of 0.

Conclusions. The exact solutions obtained by us show that harmonic vibrations of three types can arise in a
thermoelastic rod: a shear wave propagating with a velocity v, = M and two longitudinal waves propagating with
velocities vy = @/Bjg and v, = ®/PB3p. Under the actions along the normal to the boundaries of the rod, there arise
two longitudinal waves. The first of them arising at My — 0 (when the connectedness of the problem disappears) is a
temperature wave, and the second wave is a longitudinal mechanical wave. At My >0 (in the connected problem), the
temperature wave vy, as a secondary effect, causes longitudinal deformations and the longitudinal wave v, influences
the temperature field. The temperature properties of the material, in accordance with the formulas for Bjg and B3, in-
fluence the velocities of the longitudinal waves vy and ve. The shear actions give rise to shear waves; in this case, a
resonance is possible at a frequency ® = ZTtnM /h. The temperature field and the shear waves do not influence
each other. The connectedness of the thermoelastic problem in the two given exact solutions is determined by the di-
mensionless parameter M. The analytical solutions of both problems are substantially dependent on M, the threshold
value of which is My = 1. By the values of the thermophysical quantities taken from the reference work [8], one can
calculate M, e.g., My = 0.02 for aluminum and My = 0.17 for bronze. If the formulation of the problem requires that
the calculation error be smaller than the parameter M or comparable with it, the connectedness should be taken into
account.

NOTATION

As, By, My, No, Ko, Ly, dimensionless parameters; Agy, Bjk, Hyy, Dy, Ep, constant coefficients; b, thermal dif-
fusivity; C, specific heat capacity; C(Z), space of twice differentiable functions; ejj, Ojj, deformation and stress tensors;
F(ﬁ), auxiliary differentiable function; h, height of a triangle; i, imaginary unit; k, connectivity coefficient; ng, internal
unit normals to the sides of the triangle; (n,, ny) and (ny, nky), Cartesian projections of the unit vectors; gjo» Tio, u;,
vios Gjo, Tio G4 = 1, 2), definite constants; py, qp, auxiliary constants; rg, r, ry, radii-vectors of any pole, an auxiliary
point in €, and the vertices of the triangle at the cross section of a rod; P, O, R}, one-dimensional solution; Ui, Vj,
T}, conditional amplitudes of the harmonic oscillations of the displacement vectors u and v and the temperature T fo,
conditional time of the whole process; u,, u;, normal and tangential components of the displacement vector in T’ Vi
velocity of a shear elastic wave; v, velocity of a longitudinal elastic wave; vr, velocity of a temperature wave; x, y,
and #, Cartesian coordinates and time; o, P, characteristic roots; 0o, B0, real and imaginary parts of the characteristic
roots; I, boundary of the right triangle; 5,:,-, unit tensor; A, Laplace operator; A, [, Lamé constants; &, &, auxiliary
variables; p, density; 8, and T,, normal and tangential components of the stress tensor in I'; ®, frequency of harmonic
vibrations; €, region of the right triangle — cross section of the rod. Subscripts: e, elasticity; n, normal.
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